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Abstract
In this paper we prove the existence and uniqueness of the Gaussian interval quadrature formula with respect to
the generalized Laguerre weight function. An algorithm for numerical construction has also investigated and some
suitable solutions are proposed. A few numerical examples are included.
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1. Introduction
By the Gaussian interval quadrature formula with respect to the positive weight function w, we assume










which integrates exactly all polynomials of degree less than 2n.
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There are different results for the questions of existence of such quadrature rules (for example, see
[1,4,7,9,11]).
The question of the existence for bounded a, b is proved in [2] in much wider context. Suppose that
w is a weight function on [−1, 1], i.e., a nonnegative Lebesgue integrable function, such as that for
I = (, ) ⊂ [−1, 1],  	= , we have ∫
I
w(x) dx 	= 0. In [2], Bojanov and Petrov proved the following
statement:Given the ordered set of odd integers {1, . . . , n}, with the property n+∑nk=1 k=N +1, the
Chebyshev system of functions {u0, . . . , uN } on [−1, 1], the Markov system of functions v0, . . . , vm−1,
on [−1, 1], wherem=max{1, . . . , n}, and a set of the lengths h10, . . . , hn0, with∑ hk < 1, there
exists an interpolatory quadrature formula of the form∫ 1
−1










where intervals Ik ⊂ [−1, 1], k= 1, . . . , n, are non-overlapping, with the length of Ik equals 2hk , which
integrates exactly every element of the linear span {u0, . . . , uN }.
Also they proved that Gaussian interval quadrature formula for the Legendre weight w(x) = 1 on
[−1, 1] is unique (see [3]). The uniqueness of Gaussian interval quadrature formula for the Jacobi weight
and its numerical construction was given in [6].
In this paper we present the existence and uniqueness results of the Gaussian interval quadrature
formula for the generalized Laguerre weight function w(x)= xe−x , >− 1, on (a, b)= (0,+∞). The
paper is organized as follows. In the remainder of this section we give some notation and state the main
result. Preliminary and auxiliary results are given in Section 2 and the main result is proved in Section 3.
Finally, a numerical algorithm and numerical results are presented in Section 4.









and the corresponding set of the admissible nodes by
Xn(h)= {x ∈ Rn | 0<x1 − h1x1 + h1< · · ·<xn − hnxn + hn <+∞}.
Also, we introduce the set of the formal nodes
X˜n(h)= {x ∈ Rn | 0<x1 − h1x1 + h1 · · · xn − hnxn + hn <+∞}
and the set XL,0,Mn by
XL,0,Mn (h)= {x ∈ Rn | 0<L<x1 − h1, xk+1 − hk+1 − xk − hk > 0> 0,
k = 1, . . . , n− 1, xn + hn <M}.
Our main result can be stated in the following form.
Theorem 1.1. For every h ∈ HHn , the Gaussian interval quadrature rule (1.1) with respect to the
generalized Laguerre weight w(x) = xe−x , > − 1, on (a, b) = (0,+∞), with nodes x ∈ X˜n(h)
and positive weights k , k = 1, . . . , n, exists uniquely. Moreover, there exist the positive constants L, 0,
and M, depending on n and H, such that x ∈ XL,0,Mn (h).
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2. Preliminary and auxiliary results
Let Pn, n ∈ N0, be the set of all algebraic polynomials of degree at most n and P be the set of all
algebraic polynomials.
First, we give some preliminary deﬁnitions and results. Denote = x
d= w dx = xe−x dx on [0,+∞),
where >− 1, and = 1+ − x, such that we have the following Pearson’s equation (w)′ =w holds
(see [5]).
Lemma 2.1. For any polynomial p ∈ Pn, there exists q ∈ Pn−1 and  ∈ C, such that∫
pw dx = qw + 	[1+ , x] + A,




ta−1e−t dt, a > 0, x0.
Proof. Let p ∈ Pn. For every polynomial p = r ′+ r, r ∈ Pn−1, we have∫
pw dx =
∫
(r ′+ r)xe−x dx =
∫
(rw)′ dx = rw + A
so that we can identify q = r and = 0.
Now, we consider the linear space
Ln = {r ′+ r | r ∈ Pn−1}.
Obviously its basis is
 = (x−1)′x + x−1(1+ − x)=−x + (+ )x−1, = 1, . . . , n.



















from where we can identify uniquely q as
∑n
k=1 kxk−1 and = 0. 
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Now, we deﬁne the following sets:







I k, O = [0,+∞)\I
as well asO1= [0, x1+ h1),Ok+1= (xk + hk, xk+1− hk+1), k= 1, . . . , n− 1,On+1= (xn+ hn,+∞).
These deﬁnitions enables us to express results in a shorter form.
The next deﬁnition gives precisely what we mean by the Gauss–Laguerre interval quadrature rule.
Deﬁnition 2.2. The Gaussian interval quadrature rule with respect to the generalized Laguerre measure








p d, p ∈ P2n−1 (2.1)
provided x ∈ X˜n(h).
The following statement is very important, since it enables us to prove almost all of our results. Similar
results for ﬁnite intervals can be found in [2,3,6].
Lemma 2.3. (i) Assume 1jk2, k = 1, . . . , n, with∑nk=1 jk = N + 1, h ∈ HHn , x ∈ X˜n(h), and let





p(m−1) d= fm,k, m= 1, jk, k = 1, . . . , n (2.2)
has the unique solution in PN .
(ii) Assume that 1jk2, k = 1, . . . , n, with∑nk=1 jk = N + 1, h ∈ HHn , x ∈ X˜n(h), then for every






p(m−1) d= 0, m= 1, jk, k = 1, . . . , n
and there holds qc = cq1. In every I k , the polynomial p has exactly jk zeros and those are all its zeros.
Proof. In order to prove this lemma, we show that the corresponding homogenous system of equations
(2.2), with fm,k ≡ 0, has only a trivial solution. Note that this system can be expressed as a system of
linear equations for the coefﬁcients of p.
The proof for the part (i) is already given in [3, Lemma 1]. Here, we give this proof for the sake of
completeness. We can simply count zeros to see that in every subinterval Ik there are jk zeros, so that in
total we have
∑
k jk = N + 1 zeros. This means that if the solution is not trivial it has a degree at least
N + 1, and it is not a solution in PN .
G.V. Milovanovic´, A.S. Cvetkovic´ / Journal of Computational and Applied Mathematics 182 (2005) 433–446 437










(xN+1)(m−1) d, m= 1, jk, k = 1, . . . , n. (2.3)




(xN+1)(m−1) d, m= 1, jk, k = 1, . . . , m
to the interpolation problem (2.3), and denote the unique solution by qc. Obviously, the linear system of
equations which deﬁnes qc has a free vector from which c can be factorized, so that qc= cq1. For the last
statement we refer to the proof of part (i). 
The next lemma shows that for every h ∈ HHn the Gauss–Laguerre interval quadrature rule must have
nodes in Xn(h).
Lemma 2.4. Suppose h ∈ HHn and there exists a Gauss–Laguerre interval quadrature rule with nodes
x ∈ X˜n(h), then x ∈ Xn(h).
Proof. Let h ∈ HHn and x ∈ X˜n(h), but x /∈Xn(h). Then at least one of the equalities
xk + hk = xk+1 − hk+1, k = 1, . . . , n− 1
holds. Suppose, it is the case for some k ∈ {1, . . . , n − 1}. According to the interpolation Lemma 2.3,















p d= 0, hk 	= 0, or hk+1 	= 0,
p(xk)= p′(xk)= 0, hk = hk+1 = 0.
Obviously such p annihilates the Gauss–Laguerre interval quadrature sum and it is of a constant sign on




p d 	= 0, which is a contradiction. 
An immediate consequence of the previous lemma is that all weights k , are positive in the Gauss–
Laguerre interval quadrature rule.
Lemma 2.5. For the Gauss–Laguerre interval quadrature rule (2.1), we have k > 0, k = 1, . . . , n.
Proof. Suppose there is some index k ∈ {1, . . . , n}, such that k0. According to the interpolation





p(m−1) d= 0, m= 1, 2, = 1, . . . , k − 1, k + 1, . . . , n.
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For this p the Gauss–Laguerre quadrature formula (3.1) is exact. On the other side this polynomial p is











p d> 0, which
is a contradiction. 
The following theorem shows that there exists a uniform bound for nodes in (2.1) regarding to h ∈ HHn .
This is an important result, which enables us to think about Gauss–Laguerre interval quadrature rule as
it is given with respect to some measure on the bounded supporting set.
Theorem 2.6. Let n ∈ N and H 0 be given. Then there exists a constant M> 0 such that for every
h ∈ HHn and x ∈ Xn(h), for which (2.1) is the Gauss–Laguerre interval quadrature rule, we have
xn <M. (2.4)
Proof. Suppose, it is not the case for some n ∈ N and H 0. Then for every M> 0 there exists a
quadrature rule of the form (2.1) for some h ∈ HHn , such that there exists an index m ∈ {1, . . . , n} for
which xmM .
Suppose that for all M> 0 we have that all x + h,  = 1, . . . , k, are bounded by some Mk , and
that x>M for  = k + 1, . . . , n. For sufﬁciently large M there exists a ﬁxed constant M ′ such that
Mk <M
′<M .













This polynomial p annihilates the Gauss–Laguerre interval quadrature sum. Choose P =−p. So that P
is positive on O\On+1 and negative on On+1. Since
∫
I













(x −Mk)2k(M ′ − x)2n−2k−1 d= J1> 0.
Note that, according to Lemma 2.1, there exist q and  such that
J1 = (qw)(M ′)− (qw)(Mk)+ (	(1+ ,M ′)− 	(1+ ,Mk)).







x2k(x −M ′)2n−2k−1 d=−(q1w)(M)− 1	(1+ ,M)= J2.
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(−P) d>J1 − J2> 0
for sufﬁciently large M. This is a contradiction, i.e., xk+1 must be bounded.
Repeating the same arguments we prove that xk+2, . . . , xn must be bounded, which is a contradiction.

Remark 2.7. According to (2.4), xn + hn is also bounded, i.e., xn + hn <M +H .
Almost with the same arguments, we can prove the following result.
Lemma 2.8. Let n ∈ N and H 0 be given. Then there exists a constant L> 0 such that for every
h ∈ HHn and x ∈ Xn(h), for which (2.1) is the Gauss–Laguerre interval quadrature rule, we have
0<L<x1 − h1.
Proof. Suppose it is not the case for some n ∈ N and H 0. Then for every L> 0, there exist h ∈ HHn
and respective nodes of the Gauss–Laguerre interval quadrature rule x ∈ Xn(h), such that there exists an
index k ∈ {1, . . . , n} such that 0<x − hx + h<L, = 1, . . . , k.









P (m−1) d= 0, m= 1, 2, = 2, . . . , n.
This polynomial P annihilates the Gauss–Laguerre interval quadrature sum. In order to prove that P
cannot annihilate
∫








Note that P has a positive sign onO\O1 and negative onO1. According to Theorem 2.6 and correspond-
ing remark, there exists M> 0 such that xn + hn <M ′ = M + H . Then, using Lemma 2.1, with the





(x −M ′)2n−1 d=−(qw)(M ′)− (	(1+ ,M ′))= J1> 0.







(x −M ′)2n−1 d= (q1w)(L)+ 1(	(1+ , L)− 	(1+ ))= J2,







(−P) d>J1 − J2> 0
which is a contradiction. Therefore, x1 − h1 must be uniformly bounded from zero. 
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In the sequel we use the following notation.














kw)(xk + hk)− (
kw)(xk − hk)
2hk
, hk 	= 0,
xk [(
kw)(xk)], hk = 0
for k = 1, . . . , n, where xk = /xk .
Theorem 2.10. For every h ∈ HHn , the nodes x ∈ Xn(h) of the quadrature rule (2.1) satisfy the system
of equations
k(
kw)= 0, k = 1, . . . , n. (2.5)
For h ∈ HHn , every solution x ∈ Xn(h) of system (2.5) deﬁnes the nodes for the Gauss–Laguerre
interval quadrature rule (2.1).
Proof. Applying the Gauss–Laguerre interval quadrature rule (2.1) to the polynomial (
w)′/w of




















i.e., if x are nodes of the Gauss–Laguerre interval quadrature rule, they must satisfy (2.5), since according
to Lemma 2.5, we have > 0, = 1, . . . , n.












This can be proved by applying Cauchy Residue Theorem to the rational function p/
 over the contour
R = {x | |x −M/2| = R}, R>M/2, and letting R →+∞.
Now, suppose that for x ∈ Xn(h) we have
1
(
′w)(xk + hk) +
1
(
′w)(xk − hk) = 0. (2.7)
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for a constant C. Now we can choose C such that the previous formula is exact for all r ∈ P2n−1.











d, m0,k = 12hk
∫
Ik
d, k = 1, . . . , n.
The system of equations (2.7) deﬁnes the Gauss–Laguerre interval quadrature rule. However, it is equiv-
alent to (2.5), because of

′(xk ± hk)=±2hk
k(xk ± hk), k = 1, . . . , n.
Using these equations, by deﬁnition of 
k , we can conclude that
(
′w)(xk + hk)= 2hk(
kw)(xk + hk)> 0
for h ∈ HHn and x ∈ Xn(h), which gives C > 0. Thus, all weights in the constructed quadrature rule are
positive, as we know also from Lemma 2.5.
To be completely fair, we need to give an explanation for the case hk = 0 for some k. Since the
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This is exactly what equation of system (2.5) becomes for hk = 0. 









kw)(xk + hk), k = 1, . . . , n (2.8)
for the weights in the Gauss–Lagurre quadrature formula (2.1).
Lemma 2.12. Suppose n ∈ N and H 0 are given. There exist 0> 0, L> 0 and M> 0, such that for
all h ∈ HHn and all nodes x ∈ Xn(h) of the Gauss–Laguerre interval quadrature rule (2.1), we have
x ∈ XL,0,Mn .
Proof. The existences ofL andM is already proved, sowe prove now the existence of 0.Assume contrary,
then for every 0> 0, there exists h0 ∈ HHn and the respective set of nodes x0 ∈ Xn(h0), for which (2.1)
is Gauss–Laguerre quadrature formula, with the property that at least one of the following equalities:
x
0
k + h0k + 0 = x0k+1 − h0k+1, k = 1, . . . , n− 1
holds. Since the sets h0 and x0 are bounded, there are the convergent sequences hk , xk , k ∈ N, with the
limits h0 and x0, such that at least one of the equalities
x0k + h0k = x0k+1 − h0k+1, k = 1, . . . , n− 1
holds. Since the weights , = 1, . . . , n, are continuous functions of h and x, according to (2.8), for h0









constructed from the nodes x0 and lengths h0, is exact for p ∈ P2n−1, because of continuity. Since for this
Gauss–Laguerre interval quadrature rule we have at least two intervals which have the boundary point in
common, we can apply the same arguments as in the proof of Lemma 2.4 to produce a contradiction. 
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3. Proof of the main result
To prove the main result, we are going to need the following topological result, which can be found in
[8,10].
Assume D is a bounded open set in Rn, with the closure D and the boundary D, and  : D → Rn
is a continuous mapping. By deg(,D, c) we denote the topological degree of  with respect to D and
c /∈(D).
Lemma 3.1. (i) If deg(,D, c) 	= 0, the equation (x)= c has a solution in D.
(ii) Let (x, ) be a continuous map  : D × [0, 1] → Rn, such that c /∈(D, [0, 1]), then
deg((x, ),D, c) is a constant independent of .
(iii) Suppose  ∈ C1(D), c /∈(D) and det(′(x)) 	= 0 for any x ∈ D such that (x)= c. Then, the





Now we are ready to prove the main result given by Theorem 1.1.
Proof of Theorem 1.1. Let
k =−k(
kw)= 0, k = 1, . . . , n. (3.1)






(xk + hk − x − h)(xk − hk − x − h)
+ 1





and inequality is obvious. Now, we have




(xk + hk − xm − hm)(xk + hk − xm + hm)
+ 1
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Thismeans that Jacobian is diagonally dominant,with positive elements on themain diagonal and negative
elsewhere, so that
sgn(|xmk|m,k=1,...,n)= 1.
The rest of the proof goes exactly as it is given in [3] or [6]. Choose  = min{L, 0}. The proof has N
steps, where N is deﬁned by h = (N + )/4, 0< 1, with h = max{h1, . . . , hn}. At the jth step, the
uniqueness is proved for the set of lengths h(j) = (j + ) 4h h, j = 0, . . . , N .
In the ﬁrst step, the mappings
(0)(x, )= (1(x, h(0)), . . . ,n(x, h(0)))
are considered on XL,0,Mn (0) for each 01. It is obvious (0)(x, 0) = 0 has solution for  = 0 and
that solution is unique. That solution is, really, the classical Gauss–Laguerre quadrature rule. Since the
sign of the determinant of the Jacobian is positive, using Lemma 3.1, we know that
deg((0)(x, 0),XL,0,Mn (0), 0)= 1.
For x ∈ XL,0,Mn (0) and 01, we have
0<x1 − h01, xk + h0k < xk+1 − h0k+1, k = 1, . . . , n− 1.
Then, for any solution x of the system (0)(x, ) = 0, we have that sign of det(J (x, h(0))) is positive.
Hence, according to Lemma 3.1, part (ii), we have
deg((0)(x, ), XL,0,Mn (0), 0)= 1
for all  ∈ [0, 1], and in particular for  = 1. This means that the system (0)(x, 1) = 0 has a unique
solution inXL,0,Mn (0). It is also the unique solution on the smaller setXL,0,Mn (h(1)), according to Lemma
2.12.
In the case N 	= 0, we proceed with the same arguments to the mappings
(1)(x, )= (1(x, h(1) + (1− )h(0)), . . . ,n(x, h(1) + (1− )h(0)))
to prove that there is a unique solution in XL,0,Mn (h(0)), which is also unique in the set XL,0,Mn (h(1)),
according to Lemma 2.12.
After that, the same arguments are iterated to the mappings
(j)(x, )= (1(x, h(j) + (1− )h(j−1)), . . . ,n(x, h(j) + (1− )h(j−1)))
until j reaches N. 
Note that we have proved the existence and uniqueness.
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Table 1













For numerical construction of the weights k , once nodes are constructed there is nothing better
than relations (2.8), since all the terms included are positive. However, it is obvious there can be some
cancellation in the calculation of 
, provided xk + hk and xk+1− hk+1, are close enough for some k. We
did not encounter any such problems, since in the examples we are presenting we keep relatively small
number of nodes.
For the construction of nodes in the Gauss–Laguerre interval quadrature rule, we propose an algorithm
on the system of equations (2.5). Since the system of equations (3.1) deﬁnes xk , k= 1, . . . , n, as implicit
functions of h, according to the proof of the main theorem, we know that these functions are continuous.
We can start with the classical Gauss–Laguerre quadrature rule and increase h for small amount from
0 and solve (2.5) using the Newton–Kantorovich method. If during iterations, some of the intervals Ik
interlace or if x1 − h1< 0, we should start again with a smaller increment in h. We iterate the procedure
until we reach the desired h. We point-out that according to the proof of main Theorem 1.1, we know that
the Jacobian of the system of equations (2.5) is diagonally dominant, so that it is always invertible.
We can summarize the previous facts in the following procedure:
1◦ Using QR-algorithm, construct the classical Gauss–Laguerre quadrature rule (h= 0).
2◦ Increase the vector of lengths h for some small amounts and solve (2.5) for such a h. If during
computations some solution goes out of [−1, 1] or if there is overlapping between the intervals I , =
1, . . . , n, the process should start again with a smaller increment in h.
3◦ If a desired h is reached, go to the next step; if it is not go back to the step 2◦.
4◦ Use Eq. (2.8) for the construction of weights k , k = 1, . . . , n.
Three examples are given. In two of them we take n = 10 nodes (Tables 1 and 2), and in the third
example we take only four nodes (Table 3). All calculations are performed in double precision arithmetic
with machine precision ≈ 2.22× 10−16. Numbers in parentheses indicate decimal exponents.
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Table 2
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